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III. Solution by the PEOPOSEE. 

Let ABGD be the given square whose side=a, and MN one of the straight 
lines within the square. Draw AH equal and parallel to MIT, FF parallel to AB 
cutting BG in F, and EG parallel to AD cutting GD in G. Fu.tMN'=AF=xaii& 
£FAD=0. If x and 6 were fixed the number of lines of the length a would 
equal the number of points in the rectangle FFGG whose area is a 8 — ar(sin0 
+ cos0)+a 2 sin0 cos0. Then if all lines are supposed to be equally distributed 
about the point M the required average is 

/jir /»asecfl 

d6 I [a 8 — aa;(sin0 + cos0)+a; 8 sin0 oosff^xdz 
o J o 

A,: 



Mv /»osec8 

| do I [a 8 — aa:(sin0 + cos0)+a: a sin0cos0]aa; 



.-. f * (2-tan0)sec a o"0 

civ' o 



a* /*** 
"12 J o ^" '""" " ~" 3a 



« 3 f (3-tan*)sec^ 4 [log(l +1 /2)^ 1 - l/ 2)- 
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If the lines are supposed to be so distributed as to join every possible pair 
of points in the square, the required average is 



A*-- 



d0 I [a 8 — aa;(sin0+cos0)+a; 8 sin0 cos<?]z 2 «te 

v 

/}ir /»osec9 
do I [a 2 — a#(sinfl+cos0)+a: 8 sin0 cos0]a*fa; 
o *^ o 

-^jL f 4,r (5-3tan^)sec 5 ^^ 
oU/ o a 



;o— 3tan0.)sec i, 0<tt' 

" [2+i/2+51og(l + i/2)]. 



-£jf (2-tan0)sec 8 0o"0 
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172. Proposed by J. EDWAED SAHDEES. 

What is the average length of all straight lines that can be drawn within 
a given triangle? 

'Solution by 6. B. M. ZEEE, A. M., Fh. D., Parsons, W. Va. 

Let a, b, c be the sides ; A, B, G the angles of the triangle ; u, v variable 
lengths from A on 6, c ; w, x variable lengths from Bona,c;y,z variable lengths 
from Con a, I. Also let Z 1 =|/(m 8 +« 2 —2mw50sA), l s =.- l /(w*+x 2 — 2wxgosB), 
l 3 =l/(y 2 +z 2 —2yzeosC), Jf=average length. Then 

* Another solution of this problem will be published next month. 
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/b pe pi, pa pe pi, s\a ~b pl 3 

I I Idu dv dl+ I I I Idwdx dl+ | I I I dy ds dl 



/6 /»e /»«! /~a pe pi, pa pb pi? 

I I du dv dl-\- I \ \ diedx dl-\- I I I dy dz dl 

/ft /"o plx pb pe 

I I ldudvdl=b\ I (n 2 +i> 2 — 2w« cosJ.)dw<fo 

/*fc 7,,. 

= £| (3M 2 c + c«-3wc 2 cosA)dM=^-(2&* + 2c !! -36ccos4). 

•^ ft 1.Z 



. „ 2a&c(a + 5 + c)+a 2 6 2 oosC+a 8 c z cosB+& 2 c 2 cos4 
This follows, because ~(2b» +2c» -36c cosJ.) =J^(2a s -f-&c cosJL). 



dv 



/b pe plf pk pe 

I I dudvdl=) I i/(u 2 -\-v*-2uv cos A)du 

= h\ |m*CO&4. + (c — U COS.l)j/(tt 2 + C 2 — 2wccosA) 

, 2 - 2 ^i / c— « cosA + i/(w 2 +c 2 — 2wccosA) \-i , 
+ u ° sln ° A log I w( l-cosA) L ).P 

=^.(68+c* -a 3 )cosA +iabc sin 2 J.+£& s sin 2 A log(cot£A cotJB) 

+£c 3 sin 2 A log(cot£A cot£C). 

.•. 2>^[(& 3 +c 3 -a»)cosA-f(a s + c 3 -6 8 )cosB+(a s +6 3 -c 8 )cosO+2aJc(sin 2 A 

+sin 2 J B+sin*0)+6 s sin 2 J. log(cot£A cotJB)+a s sin 2 B log(cot£J. cot£B) 

+(c 3 sin 2 A + a 3 sin 2 C)log(cot£4.cot£C) 

+ (& 3 sia 2 0+c 3 sin 2 B)log(cotJBcotJO)]. 
If the line is terminated by two of the sides 

/ft pe pa pe pa pb 

I l t du dv + I I l 2 dw dx+ I I Z s <fy <te 
^ "' *^ •/ o "^ J) 

*1 



• 6 /«o /•» /»« pa pb bc-\-ac-\- db' 

I du dv+ I I dw (fo;+ I I <% <fe 

o^o «/ o "^ •/ o ** 
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Corollary. If a=i=c, Xr=$a', D=a 3 (l-|-log3). 



CALCULUS. 

807. Proposed by F. P. MATZ, Sc. D., Ph. D. 

If K represents the complete elliptic integral of the first kind, prove that 



J O 1 + K 



J oJ 



ol+* 

Solution by S. A. COREY, Hiteman, Iowa. 

/i fa 
—7-m 5X7T r-jTn) the definite integral may be written 
o]/[(l-a; a )(l-K 8 a; 2 )]' 

dx d,K 



o(1 + «)v/[(1-^)(1-k 8 » 8 )]' 

J oa-x^iU (i+K)(i-ic«*»)t J**" — w- 



or 



» dr 



Tf -Li r 1 *** _ r 2 

in which a=(l+a; 8 ), 6=2a; 8 , and X=(l-x*) + 2x*r-x i r2. 
The definite integral (1), after substituting, becomes, 

n iog[i+T/(i-«»)] fa or if jl-«^ r 1 j_ , / (i+Q' u 
J a-**) * ! ' OT » it *-i +e «» j S ' log li+ 2 »r 

= 2 p logd + O^p log(l+s*) dg=2 ^ * 8 ^ 
»/ o s •J o « 6 2.6 4 

208. Proposed by F. P. MATZ, Sc. D„ Ph. D. 

Solve the differential equation 

C--H-»)S-+a-4-o. 

Solution by A. H. HOLMES, Brnnswiok, Me. 



